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Abstract 



^SJ ' We obtain uniform, with respect to t G {—n.n], asymptotic formulas for the oper- 

ators generated in [0, 1] by Mathieu-Hill equation with complex-valued potential and 
the periodic boundary conditions. Using these formulas, we prove that there ex- 
ists a bounded set S which is independent of t such that all the eigenvalues of these 
operators, lying out of the set S, are simple. These results imply the following conse- 

■ quences for the non-self-adjoint Mathieu-Hill operator H generated in (— cx), cxd) by the 
I same Mathieu-Hill equation: (i) The spectrum of // in a neighborhood of oo consists 

of the separated simple analytic arcs, (ii) The distance between the end points of the 
neighboring arcs of the spectrum of H satisfies an asymptotic formula, that results 
in the Avron-Simon-Harrell formula for the widths of the instability intervals of the 
self-adjoint Mathieu-Hill operator, (iii) The number of the spectral singularities in the 
^ ' spectrum of the operator H is finite. Furthermore, we establish the necessary and suffi- 

lO . cient conditions for the potential, for which the operator H has no spectral singularity 

CO ■ at infinity and H is an asymptotically spectral operator. 
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CN ■ 1 Introduction and Preliminary Facts 

■ Let L{q) be the Hill operator generated in iy2(~oo,cx)) by the expression 

c^; +q{x)y, (l) 

where q is a complex-valued summable function on [0, 1] and q{x + 1) = q{x). It is well- 
known that (see [6, 10-12]) the spectrum S{L{q)) of the operator L{q) is the union of the 
spectra S{Lt{q)) of the operators Lt{q) for t e (— 7r,7r], where Lt{q) is the operator generated 
in L2[0, 1] by (1) and the boundary conditions 

2/(l) = e'*2/(0), 2/'(l) = eV(0). (2) 

The operators Lt{q) and L{q) are denoted by Ht and H respectively when 

q{x) = ae-*2^^ + &e''2'^^, (3) 

where a and b are complex numbers. In the cases t — and t — n the operator Ht 
is investigated, in detail, by Djakov and Mitjagin [3, 4]. In this paper we consider the 
operators H and Ht for all value of t G (— tt, tt]. First we obtain asymptotic formulas, 
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uniform with respect to t £ (— tt, tt], for eigenvalues of the operators Hf. Note that, the 
formula /(fc, t) — 0{h{k)) is said to be uniform with respect to t in a set I if there exists a 
positive constants M and A'', independent of t, such that | /(fc, t)) \< M \ h{k) \ for alH G J 
and I fc |> iV. Then using these asymptotic formulas, we prove that there exists a positive 
number R, independent of t, such that the eigenvalue A„(i) of Ht{q) for all t G (— tt, tt] lying 
in {2; G C :| 2; |> i?} is simple. It implies that the spectrum of _ff in a neighborhood of 00 
consist of the separated simple analytic arcs and the number of the spectral singularities in 
S{H) is finite. Moreover, we find necessary and sufficient condition on the numbers a and 
b for which the operator H has no spectral singularity at infinity and H is asymptotically 
spectral operator. 

Note that the spectral singularities of the operator L{q) are the points of its spectrum 
in neighborhoods of which the projections of L{q) are not uniformly bounded. We say that 
the operator H has a spectral singularities at infinity if there exists a sequence {7„} of arcs 
7„ C S{H) such that the norm of the projections -P(7n) of H corresponding to 7„ tends to 
infinity as 7„ goes to infinity. The operator H is said to be asymptotically spectral operator 
if there exists R> such that the projections ^(7) of H corresponding to the arcs 7 lying 
in S{H) n {I z |> i?} are uniformly bounded. 

In [14] we proved that a number A = A„(t) € S{Lt{q)) C S{L{q)) is a spectral singularity 
of L{q) if and only if the operator Lt{q) has an associated function at the point A„(t). 
McGarvey [10-12] proved that L{q) is a spectral operator if and only if the projections of 
the operator L{q) are uniformly bounded. Recently, Gesztezy and Tkachenko [7.8] proved 
two versions of a criterion for the Hill operator L{q) with q £ L2[0, 1] to be a spectral 
operator of scalar type, in sense [5], one analytic and one geometric. The analytic version 
is stated in term of the solutions of Hill's equation. The geometric version of the criterion 
uses algebraic and geometric properties of the spectra of periodic/antiperiodic and Dirichlet 
boundary value problems. In [16] and in this paper we find conditions on the potential q 
for which L{q) is an asymptotically spectral operator, since we use the asymptotic methods. 
Note that if L{q) has no spectral singularity in {| 2; |< i?} and is an asymptotically spectral 
operator, then it is a spectral operator. It seems this may open up a new horizon for solving 
the long-standing open problem about dciciding which Hill operators are spectral operators. 

The next we present some preliminary facts, from [15, 16, 4], we need in this paper. We 
use the following results of [15]: 

The eigenvalue A„(t) and eigenfunction ^n,t{x) of the operator Lt{q) for t 7^ 0,7r, 
satisfy the following asymptotic formulas 

Xn{t) = {2nn + tf + O(^), = e'^^^^+'> + O(^). (4) 

These asymptotic formulas are uniform with respect to t in [p,Tr — p],where p is a sufficiently 
small fixed number (p <^1). In the other word, there exist positive numbers N{p), indepen- 
dent of t, such that the eigenvalues \„{t) for t €: [p,Tr — p] and\ n \> N[p) are simple and 
the terms 0{^), 0(^^^^) in (4) do not depend on t. 

Thus, the case t G [p, tt — p], where p <C 1 is investigated in [15]. In the paper [16] we 
obtained the uniform asymptotic formulas in the more complicated case t € [0, p] U [tt — p, tt], 
when the potential q satisfies the following conditions: 

1. qG Wf[0,l], gW(0) =9^*^^!), Vfc = 0,l,...,s- 1 with some s<p. 

2. qn ~ q-n, I qn \> cn~^~^ and at least one of the following inequalities Keqnq-n > 0, 
I Im. qnq-n |> £ | QnQ-n I holds, where c and e are positive constants and a„ ~ 6„ means 
that o„ = 0{bn) and 6„ = 0(o„) as n — >■ 00. 

It is clear that these results of [16] can not be used for the potential (3). However we 
use a lot of formulas of [16] that are listed below as Remark 1 and formulas (6)-(21): 
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Remark 1 There exists a positive integer N such that disk 

U{n,t,p) =: {X€C:\\- (27rn + i)^ | < Wnnp} 

for t e [0,p] and n > N contains two eigenvalues (counting with multiplicities) denoted by 
Xn,i{t) and A„_2(i)- These eigenvalues are continuous function oft on the interval [0,p\. In 
addition to these eigenvalues, the operator Lt{q) for t G [0,p] has only 2N + 1 eigenvalues 
denoted by Xk{t) for k = 0, ±1, ±2, ±A''. One can readily see that 

|A- (27r(n- fc) > |/c| |2n- fc| , yXeU{n,t,p) (5) 

for k ^ 0,2n and t G [0, p], where n > N . 

In [16] to obtain the uniform asymptotic formula for eigenvalues Xn,j{t) and correspond- 
ing normalized eigenfunctions 'in,j,t{x) for t G [0,p], we used (5) and the iteration of the 
formula 

(A„,,(t) - (2^n + t)2)(vl/„^^.,,e^(2-+*)-) = (^^^_^. gi(2.n+*).)^ (6) 

where (., .) is the inner product in L2[0, 1]. Iterating (6) infinite times we got the following 
formula: 

(A„j(i) - (27rn + t)2 - A(A„j(t),t))ii„j(t) = {q2n + B{Xn^j{t),t))vn,j{t), (7) 
where u^jit) = (a;), e*(2-n+t)a=), y^ .^t) = e*(-2-»+*)-), 



fe=i fe=i 

Efc -1 
n«n, (A- (27r(n-ni - .. -Us) , (9) 
<i=i 

ni,n2,---,nk 

^ -1 

bk{\t) = 2-/ 92n-ni-n2-...-nfe n (A- (27r(n- rii - .. - , (10) 



ni,n2,---,nis 



The sums in (9), (10) are taken under conditions ^ and ni +n2 + ... + rig ^ 0, 2n for 
s = 1, 2, .... Similarly, we obtained the formula 

(Anj(i) - {-2nn + tf - A' {Xn,j{t),t))Vn,j{t) = {q-2n + B' {Xn,j{t),t))Un,j{t), (11) 

where 

oo oo 

A{X,t) = ^a;,(A,i), B'{X,t) = J2bk{M), (12) 
fe=i fe=i 

k 



4('^>*)= Y] g_„i_„,_..._„^ n^n, (A- (27r(n-|-ni + .. + ««) -t)^) \ (13) 



Tll,n2v>"fe 

bk{>',t)= 2Z 9-2n-ni-n2-...-nfc n^n, (A - (27r(n + ni + .. +n^) - i)^) , (14) 



ni,n2, ■■■,»)! 



where the sums are taken under conditions rig ^ 0, rii +712 + ... +71^ 0, — 2n for s = 1, 2, ... 
Moreover, it is proved [16] that the equalities 

ak{X,t), bk{X,t),a'k{X,t), b'k{X,t) = O . (15) 
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hold uniformly for t £ [0, p] and A € U{n, t, p) and the following estimations hold: 

(See Lemma 2 and Lemma 3 of [16]) There exists a constant independent of n and 
t, such that the following inequalities are satisfied 

\ A{\t) \< Kn-^ , \ A {\t) \< Kn-^ ,\ B{\,t) \< Kn-^ , \ B {\,t) \< Kn'^ , (16) 

\A{\t)-A{ii,t)\<Kn^'^\\-lil \X{\t)-X(^l,t)\<Kn-^\\-n\, (17) 

\B{\,t)-B(p,,t)\<Kn-'^\X-ljL\, \B'{\t)^B'(^i,t)\<Kn-'^\\-n\, (18) 

\C{\t)\<tKn-^, \C{\t))-C{ii,t))\<tKn-^ \\- (19) 

for all n > N, t £ [0, p] and X,p £ U{n, t, p), where N and U{n, t, p) are defined in Remark 
1, and C{\t) = \{A{\t) - X {\t)). 

In this paper wc use also the following, uniform with respect to t £ [0,/)], equalities for 
the eigenfunction '^n,i,t{x) obtained in [16]: 

"UnM = w„,,-(i)e^('""+*)" + ^;„j(t)e^(-2-"+*)- + hnj,t{x), (20) 

(V..*,e'(±^'^"+*^-)=0, ||/j„,,,,||=0(l), \u„^^(t)f + \vr.At)f = l + Oi-^). (21) 

Besides we use the formula (55) of [4] about estimations of B{X, 0) and B (A, 0) that can 
be written, in the notations of this paper, as follows: 

Let the potential q has the form (3), A = (27rn)^ + z, where \z\ < 1, and 

Pni,n2,.-,nfe(-^'0) = Q2n-ni-n2-...-nk U Qn, (A - (27r(n - m - .. - n^))^) (22) 

s=l 

be summands of bk{X,t) for t = (see (10)). Then 

oo ^ 

E E IPni,i2,...,i.(A,0)l = 62„-i(A,0)O(^). (23) 

At last, note that we consider only the case t G [0, p] due to the following reason. The 
case f G [p, TT — p] , is considered in [15] . The case t G [tt — p, tt] is similar to the case t G [0, p] . 
Namely, instead of (5) for k ^ 0,2n using the same inequality for /c 7^ 0, 2n + 1 and repeating 
the investigations for t e [0,p], we obtain the same results for t £ [tt — p, tt]. Besides, the 
eigenvalues of L-t{q) coincides with the eigenvalues of Lt{q). That is why we will consider 
only the case t £ [0,p]. 

In Section 2 we obtain some general results for Lt{q) with locally integrable potential 
q. In Section 3 using the results of Section 2 we obtain asymptotic formulas, uniform with 
respect to i € (— 7r,7r], and prove that all large eigenvalues Xn,j{t) of the operators Ht for all 
t £ (— TT, tt] are simple (Theorem 4). These results imply that the spectrum of the operator H 
in a neighborhood of 00 consist of separated simple analytic arcs and the number of spectral 
singularities in S{H) is finite (see Theorem 5 and Theorem 6). Besides using the formulas 
and estimation of Section 3 and the Djakov-Mitjagin [4] estimations (23) we obtain the 
formulas (see (80) and (81)) for the distance between the end points of the neighboring arcs 
of the spectrum of H which implies the Avron-Simon-Harrell formula [1, 9] for the widths of 
the instability intervals of the self-adjoint Mathieu-Hill operator. The main results of the 
Section 4 is the following: We find the necessary and sufficient conditions on numbers a and 
b for which the operator H has no spectral singularity at infinity and H is asymptotically 
spectral operator. 
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2 Some General Results for Lt{q) with q G Li[0, 1] 

First wc consider the cases: t = and t = it which correspond the periodic and antiperiodic 
boundary conditions (see (2)). These cases for q G L2[0, 1] is considered by Djakov and 
Mitjagin [3,4]. We obtain similar results for the potentials q G ii[0, 1] by other methods, 
namely by methods of our papers [2, 13]. For brevity, we discuss only the periodic problem 
and denote A„j(t), A(A„j(t), t)), B(A„,^ (i), i)), A' {\r,.jit),t)), b' {Xn,j{t),t)) for t = (see 
(7) and (11)) by Xnj, A(A„j), B{\n.j), A (A„j), B (A„j) respectively. The antiperiodic 
problem is similar to the periodic problem. 

One can readily see from (7), (11), (16) and Remark 1 that 

Xn,j{t) e d-{r{n),t)Ud+{r{n),t) C U{n,t,p), (24) 

where r{n) = max{|g2n| , |9-2n|} +2Kn~^ and d^{r(n),t) is a disk with center (±27rn + t)^ 
and radius r(n). Indeed if |u„,j(f)| > |fn,j(t)| , then using (7) (if |wn,j(i)| > |u„j(t)| , then 
using (11)) and (16) we get (24). In case t = the disks d~{r{n),t) and d'^(r{n),t) are the 
same and is denoted by d{r{n)). 

Theorem 1 Let q G Li[0, 1]. // the inequality 

|g2„ + S(A)| + |g_2„ + s'(A)|^0 (25) 

holds for A G ri(r(n)), then the geometric multiplicity of the eigenvalue Xnj is 1. If (25) 
holds, then the root functions of Lq (q) form a Riesz basis if and only if 

q2n+B{X)^ q-2n + B'{X) (26) 

for X G d{r{n)). If (25) and (26) hold, then the eigenvalue A„j of Lo{q) lying in d{r{n)) 
for n> N is simple. 

Proof. Suppose that there exist 2 cigcnfunctions corresponding to A„j-. Then one can 
choose the eigenfunction ^'n,j,o such that Unj{0) = 0. This with (7) and (21) implies that 
{q2n + B{Xnj) = 0. In the same way we prove that (g_2n + B (A„j) = 0. The last two 
equalities contradict (25). 

If (25) and (26) hold, then one can readily see that 

q-2n + B{Xn,j) ^ 0, q-2n + B {Xn,j) (27) 

These with the formulas (7), (11) and (21) imply that 

w«j(i)w«j(t) 7^0 (28) 

for t = 0. Indeed if u„j(0) = then by (21) u„,j(0) ^ and by (7) q2r, + -B(A„,j) = which 
contradicts (27). Similarly, if i'nj(0) = then by (21) and (11) q-2n + B (Xnj) = which 
again contradicts (27). By (27) and (28) the left-hand sides of (7) and (11) for f = are not 
zero. Therefore dividing (7) and (11) side by side and using the equality A(A„j) = A (A„j) 
noted in [13] (see the proof of Lemma 3), we get 

q-2n + B' {Xn,j) ^ Mn,j-(0) , . 

q2n + B{Xr,j) <^.(0)- ^ > 
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Then, by (26) and (21) we have 



(30) 



which implies that the set of Jordan chains is finite (see the end of page 118 of [2]). Thus, 

if (25) and (26) hold, then A„.j (0) for n > N and j = 1, 2 is simple. Moreover, by Theorem 
1 of [13] the relation (30) implies that the root functions of Lo{q) form a Riesz basis. 

Now suppose that (25) holds and the root functions of Lo{q) form a Riesz basis. By 
Theorem 1 of [13] the set of Jordan chains is finite and (30) holds. On the other hand one of 
the summand in (25) is not zero. Suppose, without less of generality, that q2n + B[Xnj) ^ 0. 
Then, using (7), (11) for t = and (30) we see that the equality (29) holds (see the proof of 
(29)). Therefore (30) implies (26). The theorem is proved. ■ 

Now we consider the case t € [0,p]. 

Theorem 2 A number A e U{n,t,p) is an eigenvalue of Lt{q) for t G [0,p] and n > N, 
where U{n, t, p) and N are defined Remark 1, if and only if 



(A - (27rn + tf - A{\ t)){X - {2nn - tf - A (A, t)) = (gsn + ^(A, t))(g-2„ + B' (A, t). (31) 



Moreover X G U{n,t,p) is a double eigenvalue of Lt if and only if it is a double root of (31). 

Proof. If Ur,j{t) = 0, then by (21) Vnjit) ^ 0. Therefore (7) and (11) imply that 
Q2n + B{Xn,j{t),t) = and (A„j(t) - (-27rn + t)^ - A' (A„,j (t), t)) = 0, that is, right-hand 
side and left-hand side of (31) vanish when A is replaced by Xnjit). Hence A„j(t) satisfies 
(31). In the same way wc prove that if Vn,j{t) = then Xn,j{t) is a root of (31). It remains 
to consider the case Unj{t)vn.j{t) 7^ 0. In this case multiplying (7) and (11) side by side and 
canceling Unj{t)vn.j{t) we get an equality obtained from (31) by replacing A with Xnj{t). 
Thus in any case A„j (t) is a roots of the equations (31). 

Now we prove that the roots of (31) lying in U (n, t, p) are the eigenvalues oiLt{q). Denote 
by F{X,t,) the difference of left-hand side and right-hand side of (31). Using (16) one can 
easily verify that the inequality 



where G{X,t) = (A — (2?™ -|- t)^)(A — (2?™ — t)^), holds for all A from the boundary of 
U{n,t,p). Since the function (A — (27rn + i)^)(A — (27rn — t)'^) has two roots in the set 
U{n, t, p), by the Rouchc's theorem (32) implies that F{X, t, ) has two roots in the same set. 
Thus Lt{q) has two eigenvalue (counting with multiplicities) lying in U{n,t,p) (see Remark 
1) that are the roots of (31). On the other hand, (31) has preciously two roots (counting 
with multiplicities) in U{n,t,p). Therefore A € U{n,t,p) is an eigenvalue of Lt{q) if and 
only if (31) holds. If A S U{n,t,p) is a double eigenvalue of Lt{q) then by Remark 1 Lt(g) 
has no other eigenvalue in U{n,t,p) and hence (31) has no other root. This implies that A 
is a double root of (31). By the same argument if A is a double root of (31) then it is double 
eigenvalue of Lt{q) ■ 

One can readily verify that the equation (31) can be written in the form 



I F{X,t,)-G{X,t) \<\ G{X,t) I, 



(32) 




where 



D{X,t) = {Anntf + q2nq-2 



+ SirntC + C^ + q2„B' + g_2„B + BB' . 



(34) 



and, for brevity, we denote C{X,t), B{X,t), A{X,t) etc. by C, B, A etc. It is clear that A 
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is a root of (33) if and only if it satisfies at least one of the equations 

A = {2nn + tf + ^ (-4(A, t) + A (A, t)) - Amnt - ^/D{X,t) (35) 

and 

A= (27rn + t)^ + ^{AiX, t) + A (A, t)) - Aimt + \/ D{\, t). (36) 

Theorem 3 (a) A number \q G U{n,t,p) is an eigenvalue of Lt{q) if and only if it satisfies 
at least one of (35) and (36). Each of the equations (35) and (36) has a root in U{n,t,p). 

(b) The following statements are equivalent: 

(?) A number Xo G U{n,t,p) is a double eigenvalue of Lt{q). 
[a) Ao is a root of both (35) and (36). 
{Hi) Aq is a root of (33) and D{Xo,t) = 

(c) // the eigenvalues Xn,i{t) and A„_2(t) are simple, then one of them, say Xn,i{t), 
satisfies only (35) and the other satisfies only (36), that is, 

Xn,j{t) = {2TTn + tf + i(A(A„,,-,i) + A'(A„,,-,t)) - Annt + {-ly ^D{Xn,j,t). (37) 

Proof, (a) Since (31) is equivalent to (33), by Theorem 2, Aq G U{n, t, p) is an eigenvalue 

of Lt{q) if and only if it satisfies at least one of the equations (35) and (36). 

To prove that (35) and (36) has a root in U{n,t,p), let us consider a family of Hill 
operators Lt{eq) with potential eq, where £ is a complex parameter and t is a fixed number 
from (0,/?]. By Remark 1 the operator Lt{eq), when e G {z :| z |< 1}, has two eigenvalues 
(counting multiplicity) lying in U{n,t,p). The eigenvalues (—27m + t)^ and (27m + t)"^ of 
the operator Z/t(0) are simple and satisfy (35) and (36) respectively, since for q = we have 
A = A = Q, D = (47mi)^. It is clear that if A G C/ {n, t, p) is a multiple eigenvalue of Lt{eoq), 
then there exists a deleted neighborhood V of Eq such that for e G F the operator Li^{sq) 
has two simple eigenvalues. Therefore there exists a continuous curse 7 with end points 
and 1 such that: 

1) 7C{z:|z|<l}, OG7, 1^7- 

2) For e G 7 the operator Lt{eq) has two simple eigenvalues, denoted by Xn,i{t,e) and 
Xn.2{t,e), lying in U{n,t,p) and A„,i(t,0) = (-27m + i)2, A„, 2(^,0) = {2Trn + tf. Moreover 
the functions Xn,i{t, s) and Xn,i{t, s) are analytic, with respect to e, on 7 and continuous at 
e = l. 

3) D{X.a^j{t,e),t) ^ for e G 7 and ,) = 1,2. 

By 2) Xn^i{t,Q) and A„^2(i,0) satisfy (35) and (36) respectively. Let us we prove that 
An,i (i) ^) satisfies (35) for all e G j. Suppose to the contrary that this claim is not true. Then 
there exists e G 7 and the sequences p„ — >■ e and q„ — )■ e, where one of them may be constant 
sequence, such that Xn,i{t,Pn) and Xn,i{t,qn) satisfy (35) and (36) respectively. Using the 
continuity of Xn,i{t,e), we conclude that Xn,i{t,s) satisfies both (35) and (36). However it 
is possible only if D{Xn,i{t,e),t) = which contradicts 3). Hence A„,i(t,£) satisfies (35) for 
all e G 7. In the same way we prove that Xn,2{t, e) satisfies (36) for all £ G 7. Since 1 is an 
end point of 7 and Xn,j{t, e) is continuous at e = 1, we conclude that Xn,i{t, 1) and Xn,2{t, 1) 
are the roots of the equations (35) and (36). Thus the equations (35) and (36) has the roots 
in U {n, t, p) for t G (0, p]. Since the eigenvalues A„,i(t) and Xn,2{t) of Lt{q) lying in U{n, t, p) 
are continuous functions of t on the interval [0,p] ( see Remark 1) the equations (35) and 
(36) for t = also has the roots A„ i(0) and A„ 2(0) lying in U{n,t,p). 

(6) One can readily see that (ii) and {Hi) are equivalent. Let Xq £ U {n, t, p) be a double 
eigenvalue of Lf{q). Then by Theorem 3(a), Aq satisfies at least one of the equations (35) 
and (36). Without loss of generality assume that Aq satisfies (35). Again by Theorem 3(a) 
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(36) has a root /i in U{n,t,p) that are eigenvalues of Lt{q). However Lt{q) has only one 
eigenvalue Aq in U{n,t,p). Therefore ji = Aq, that is Aq is a root of (36) too. So (i) implies 
{ii) and hence (Hi). Now suppose that (in) holds. Using D{\q, t) = in (33), we see that Aq 
is a double root of the equation (33) that are equivalent to (31). Therefore from Theorem 

2 we conclude that Aq is a double eigenvalue of Lt{q). 

(c) Suppose the eigenvalues \n,i{t) and \n,2{t) are simple and hence A„.i(f) 7^ ^n,2{i) 
(see Remark 1). By (a), A„^i(t) satisfies at least one of the equations (35) and (36). Suppose 
that it satisfies (35). By (6) \n,i{t) does not satisfy (36), since it is not a double eigenvalue. 
On the other hand by (a), (36) has a root, different from A„.i(t), which is an eigenvalue of 
Ltiq) lying in U{n,t,p). Therefore Xn,2{t) satisfies (36) and by (6), does not satisfy (35) ■ 

3 On the Operator Ht for t G (— 7r,7r]. 

In this section we study the operator Ht for t G [0,p]. When the potential q has the form 
(3) then 

g_i = a, qi = 6, g„ = 0, Vn ^ ±1 (38) 
and hence the formulas (7), (11), (31), (34) have the form 

{Xn,j{t) - (27rn + tf - A{Xn,j{t),t))Un,j{t) = B{Xn,j{t),t)Vn,j{t), (39) 

(An,j(t) - (-27rn + tf - ^'(A„,,(t),t))u„j(t) = B'(A„,j(t),t)w„j(i). (40) 

{X-{2TTn + tf-A{X,t)){X-{2Trn-t)^-A'{X,t)) = B{X,t)B' {X,t). (41) 

D{X, t) = {Annt + C(A, t)f + B{X, t)B' (A, t) (42) 

Moreover, by Theorem 2, A € U{n,t,p) is a double eigenvalue of Lt{q) if and only if it 
satisfies (41) and the equation 

(1 - ^A){X - {2nn - <)2 _ a') + (i _ A.A)iX - (2™ + tf - A) = ^{BB ) (43) 

By, (24) and (38) A„j(i) e d-{2Kn-'^,t)V^d+{2Kn-'^,t) C U{n,t,p). Therefore the formula 

Xn,j{t) = i2TTnf+0{n-^) (44) 

holds uniformly, with respect to t G [0, n^'^], for j = 1, 2. 

Let us consider the functions taking part in (39)- (42) in detail. Prom (38) we see that 
the indices in formulas (9) and (10) satisfy the conditions 

{ni,n2,...,nfc} C {-1,1}, ni + n2 + ... + ^ 0, 2n (45) 

and 

{ni, 712, nfc, 2n - ni - n2 - ... - n^} C {-1, 1}, ni + 712 + •■• + 7^ 0, 27i (46) 

for s = 1,2,..., k respectively. Hence, by (38) q-ni-n2-...-nk = if A; is an even number. 
Therefore, by (9) and (13) 

a2r»(A,i)=0, a2„(A,t) =0,V7n = 1,2,... (47) 
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Since ak (A, t) for k = 2m — 1 are the sum of 2*^ terms of the form 

ak{X,m,n2,...,nk,t) = {ab)'^ Yl (A - (27r(n - m - n2 - ... - n^) + i)^) ^ 

s=l,2,...,k 

(see (9) and (45)) we have 

a2™-i(A„j(t),i) = (4a6)™0(n-2'"+i). (48) 
If t e [0,n~^], then one can readily see that 

ab ab 



(27rn)2 + 0(n-i)-(27r(n-l))2 (27rn)2 + O(n-i) - (27r(n + 1))^ 

+ 0(-t) = 0(-^). 



27r(7r(4n - 1) 27r(7r(4n + 1) ^ ^ ^ ' 
The same estimations for a'i{Xn,j{t),t) and a2m.+i{^n,j{t),t) hold respectively. Thus we have 

A{Xn^,it),t) = 0(n-2), A'(A„j(t),t) = 0(n-2), Vt e [O.n-^]. (49) 

Now let us consider the functions B{X,t) and B {\,t) (see (8), (10) and (12), (14)). By 
(46) if fc = 2n + 1 then m = n2 = ... = nk = 1 and hence 



•2n-l _, 

b2n-i{X,t) = b^^ U (A-(27r(n-s)+i)2) \ (50) 



2n-l 

n 

If A; < 2n - 1 or A; = 2m, then, by (38), g2n-ni-n2-. = and by (10) 

bk{X,t)=0 (51) 

In the same way from (14) we get 

; 2n-l , 

62„_i(A,t)=a2" n (A-(27r(n-s)-t)2) , 6,(A„,,(i),t) = (52) 
for < 2n — 1 or fc = 2m. Now, (15), (51) and (52) imply that the equalities 



B{X,t) = O (^(!!LM)2n-l^ ^ B\X,t) = O (^(!!iM)2n-l^ (53) 

hold uniformly for t € [0,p] and A e U{n,t,p). From (39) and (40) by using (49) and (53) 
we obtain that the formula 

Xn,,{t)^{2nnf + Oin-^) (54) 

hold uniformly, with respect to t € [0, n^'^], for j = 1,2, 

More detail estimations of B and B are given in the following lemma. 

Lemma 1 If q has the form (3), then the formulas 

B{X, t)=l3n{l + 0{n-^)) , b' (A, t) = a„ (l + 0{n-^)) , (55) 

±.iB'{X,t)B{X,t))^aM^^) (56) 
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hold for 

t e [0, n-% A = (27rn)2 + 0(n-2), (57) 

where /3„ = fc^" ((27r)2"-i (2n - 1)!) and an = a^" ((27r)2"-i(2n - l)!)"^ 

Proof. By direct calculations we get 

62„-l((27rn)^0) = /3„, 62„-l((27^n)^0) = a„. (58) 

If 1 < s < 2n — 1 then for any {X,t) satisfying (57) there exists Ai = (27rn)^ + 0{n~^) and 
A2 = (27rn)2 + 0(n-2) such that 

I Ai - (27r(n - s)f \<\ A - (27r(n - s) + 1)^ |<| A2 - (27r(n - s))^ | (59) 

Therefore from (50) we obtain that 

|62n-i(Ai,0)| < |52„-i(A,i)| < |62„-i(A2,0)|. (60) 

On the other hand, differentiating (50) with respect to A we see that 

-(62„-l((27m)^0)) = 62„-l((27rn)^0) ^ ^'t^^^" ^ (61) 

Now taking into account that the last summation is of order ^ and using (58) we get 

ff 1t1 77 

^62„-i((27rn)2,0))~;3„(-^). (62) 

Arguing as above one can easily see that the m-th derivative, where m = 2,3,..., of 
&2?i-i(A,0) is 0(/3„). Therefore writing the Taylor series of 62ti-i(A, 0) for A = (27rn)^ + 
0{n^^) about (27rn)^ we obtain 

62n-i(Ai,0) = /3„(l + 0(n-2)),Vi = 1,2, 

This with (60) implies that 

62„-i(A,t) =/3„(l + 0(n-2)) (63) 
for any {X,t) satisfying (57). In the same way wc get 
d 1 

— 6;„_l((27^r^)^0))~a„(^), 6;„_i (A, i) + ^(n-^)). (64) 

Now let us consider 62n+i(A,t). By (46) the indices ni, n2, n2n+i taking part in 
&2n+i(A,t) arc 1 except one, say ris+i = —1, where s = 2,3,...,2n— 1. Moreover, if 
Us+i = —1, then ni + 712 + ••• + «s+i = ni + 712 + ... + rig-i = s — 1 and 

ni+n2 + ... + ns+2 = ni + n2 + ... + = s. Therefore by (10) 62n+i(A, t) for 

A = {2Tmf + 0{n-^), t e [0, n'^] (65) 

has the form 

2n-l (j5 

&2n-i(A,t) (27rn)2 - (27r(n - s + 1))2 + 0(n-i))(27rn)2 - (27r(7X - s))2 + O(n-i)) ' 
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One can easily see that the last sum is 0(n ^). Thus we have 

= b2n-i{\t)0{n-^) = PnO{n-^)) (66) 

for any (A, t) satisfying (65). 

Now let us estimate bk{\,t) for fc > 2n + 1. Since the sums in (10) are taken under 
conditions (46) we conclude that 

1 < ni + 712 H + Us < 2n — 1. 

Using this instead of 1 < s < 2n — 1 and repeating the proof of (60) wc obtain that for any 
(A, t) satisfying (65) there exists A3 = (27m)^ + 0(n~^) and A4 = (27rn)^ + 0{n~^) such that 

Ki,n2,...,nfe(A3,0)| < |p„i,„2,...,nfe(A,t)| < |p„i,n2,...,nfc (A4, 0) | , Vfc < 2n - 1, 

where Pni,n2,—,nk{X,Q) is defined in (22). This with (23) and (66) implies that 

CO 

\bk{X,t)\ = (3nO{n-') (67) 

fc=2n+l 

for any {X,t) satisfying (65). In the same way we obtain 

oo 

^ \b'kiX,t)\=anO{n-^) (68) 

fe=2n+l 

for the same (A,i). Thus (55) follows from (63), (64), (67) and (68). 

Now we prove (51). It follows from (67), (68) and Cauchy inequality that 

-( 6fe(A,t))=^„0(n-i), -( Y bL(A,t))=a„0(n-i). (69) 

fc=2n+l fe=2n+l 

Therefore (56) follows from (62) and (64). ■ 
Now we prove the main result of this section. 

Theorem 4 There exists a positive integer N such thai the eigenvalue Xn_j{t) of Ht for 
n > N, j = 1,2, t € (— 7r,7r], where N is defined in Remark 1, is simple. The eigenvalue 
Xn,j{t) satisfies (37), (4) and the equation 



Xn,j{t) = {2nn + tf - 2n{2n + l){t - tt) + ^{A' + A) + {-ly ^ D{Xn,j{t),t)) (70) 

for t € [0, p], t & [p,TT — p] and t £ [tt — p,Tr] respectively, where A , A, D are defined in the 
end of the proof, the eigenvalues Xn,i{t) and Xn,2{t) are redenoted by X-n{t) and Xn{t) in 
formula (4) 

Proof. Let us consider the case t G [0,p]- Suppose to the contrary that there exists 
n> N and t G [0,p] such that the eigenvalue of iff lying in U{n,t,p) is multiple: Xn,i{t) = 
A„,2(i) =: X„{t). Then by Theorem 3(b) 

D{XUt),t)=0. (71) 
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This with (42) and (19) imphes that 

{4nntf{{l + 0{n-^)) = -B(A„(t),i)B'(A„(0,t) (72) 

Hence, by (53) we have t G [0, n~^]. Then by (54) t and A = A„(t) satisfy (57). Now, using 
(55) in (72) we obtain that 

(47rnt)2 = -a„/3„(^l + 0(i^l^)^ (73) 
On the other hand by (71) and Theorem 3(a), we have 

Xn{t) = (27rn + tf + ^(A(A„, t) + A'{X„^j,t)) - 4nnt. (74) 

Since the double eigenvalue A„ (t) satisfies (43) putting the right-hand side of (74) into (43) 
and doing some simplification we obtain 

{Annt-^C{Xn{t),t))-^C{Xr,{t),t)) = ^{B{Xn{t),t)B' {X„{t),t)). (75) 
Now using (19) and (56) we get the estimation 

(47rni - lc(A„(i),t)) J^C(A„(t),i)) = 0{n-H^) = an0nO{n-^). (76) 

for the left-hand side of the equality (75) that contradicts the estimation (56) for the right- 
hand side of (75). Thus A„.j(f) is a simple eigenvalue for n > N, j = 1,2 and t € [0,p]. 
Hence the proof of Theorem 4 for the case t E [0, p] follows from Theorem 3(c) 

The case t £ [p,tt — p], is considered in [15]. To prove the theorem in the case t G [tt — p, tt] 
instead of (7), (11) we use 

{Xn,j{t) - {2nn + tf - A{Xn,j{t),t))Unj{t) = {q2n+l + B{Xnj{t),t))Vnj{t), (77) 
(ViW - (-27r(n+ 1) +<)2 - A'{Xn^jit),t))Vn,jit) = {q-2n-l + B\Xn,j{t),t))Un,j{t), (78) 

and repeat the proof of the case t E [0, p], where A, B, A , B , D arc defined as A, B, A 
B , D. Note that instead of (5) for fc 7^ 0, 2n using the same inequality for k ^ Q,2n + 1 and 
t S [p, TT—p] from (6) we obtain (77) and (78) instead of (7) and (11) (sec [15]). The functions 
A, B, A B are obtained from A, B, A B by replacing ak, a'i^,bk,b'f, with 'ak^'a'j,,bk,b'j, . 
Here ak,a'^, bk, b'f. differ from ak,a'i^,bk, b'^. respectively, in the following sense. The sums in 
Sfe, a^, bk, b'f. are taken under the conditions ni+n2 + ■■■ +ns ^0, ±(2n -|- 1) instead of the 
condition m + n2 + ... -|- rig 7^ 0, ±2n for s = 1,2, k. Besides in bk, b'k the multiplicand 

q±2n-ni-n2-...-nk of 6fe, &fe is replaced by q±(^2n+l)-ni-n2-...-nk- ■ 

Remark 2 From, (38), (55) and Theorem 1 one can readily see that the root functions of 
Hq form a Riesz basis if and only if \ a \ = \ b \ . The same result can be proved for Hj^ in 
the same way. These results is obtained by Djakov and Mitjagin [3,4] by other method. 

4 Asymptotic Analysis of H 

In this section we investigate the operator H generated in L2(— 00, 00) by (1) when the 
potential q has the form (3). Since the spectrum S{H) of H is the union of the spectra 
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S{Ht) of the operators Ht for t € (— tTjTt], due to the notation of Remark 1, S{H) consists 
of the numbers X„^iit), A„^2(0 and Afc(i) for n = N + l,N + 2,... and k = 0, ±1, ±2, ±iV 
and for all values oi t & (— 7r,7r]. Let us rodcnotc A„^i(t) and Xn,2{t) by A_„(t) and A„(t) 
respectively for n = A'' + 1, A'' + 2, ... In this notation we have 

S{Ht) = { Xn{t) : n e Z}, S{H) = Ute(_,,^]5(ift) = U„ezr„, (79) 

where r„ =: {A„(t) : t G [0,7r]}. In this section we use both notation A„(f) and Xn,j{t). 

Theorem 5 There exists N such that for \n\ > N the component r„ of the spectrum of 

the operator H is separaied simple analytic arc with end points A„(0) and A„(7r). Moreover 
the following formulas for the distance between the end points of the neighboring arcs of the 
spectrum of H holds 

I A„(0) - A_„(0) 1= 2 I a6 ((2^)'"-H2n - 1)!)"' , (80) 
I A„(7r) - A_„_i(7r) |= 2 | a6 |"+^ ((27r)2"(2n)!)"' . (81) 



Proof. Theorem 4 immediately imply that the component r„ of the spectrum of 
the operator H is separated simple analytic arc with end points A„(0) and A„(7r). Since 
A{Xnj,0) = A {Xnj,0) (see the proof of Lemma 3 of [13]) formula (37) in the case t = 
has the form 

Xn,j{0) = {27Tnf + A{Xn,j,0) + {-iy^D{Xn,j,0), (82) 

where, by (42) D{Xn,j,0) = S(A„j,0)B'(A„,j,0). Now using (17), (54) and Lemma 1 we 
obtain 

(A„,2 - A„4)(l + 0(n-2)) ^ 2^aMl + 0{n-^)) (83) 

which imply (80). Instead of (37) using (70) in the same way wc get (81). ■ 

Remark 3 Note that form,ulas (80) and (81) result in the Avron-Simon-Harrell estimation 
for the widths of the instability intervals of the self-adjoint Mathieu-Hill operator. However, 

in general, the quantity \ A„(0) — A_„(0) | being the distance between the end points of the 
curves r„ and r_„ is not the same as that between the curves r„ and r_„ themselves. 

By Theorem 4 any subset 7 =: {A„(i) : i S [a, /?]}, where [a, /3] C [0, tt], of r„ for |n| > N 
is a regular spectral arc of H in sense of [8] (see Definition 2.4 of [8]). For the projections 
P(7) corresponding to the arc 7 we use the formula 

II P(7) ||=sup| d„(t) |-i . (84) 

of [14] (see Theorem 2 of [14]), where 5 = {t e (-7r,7r] : A„(t) € 7}, dn{t) = (*„,*,*; J, 
^n,t{x) and 'J'* ^{x) are normalized eigenfunction of Ht and H^ corresponding to A„(t) and 
Xn{t). The function dn{t) is continuous on 5 and dn{t) 7^ 0, since A„(i) for jnj > TV is a simple 
eigenvalue and the system of root functions of Ht is complete. We also use the following 
definitions: 

Definition 1 The operator H is said to be asymptotically spectral operator if there exists 
N and M such that 

sup II Pin) II < M, (85) 

7Cr„, |n|>JV 

where supremum is taken over all arcs 7 C r„ for \n\ > N. 
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Definition 2 We say that the operator H has a spectral singularities at infinity if there 
exists a sequence {jn} of arcs 7„ C r„ such that 

lim II P(7„) \\= 00. (86) 

n—>oo 

Recall that the spectral singularities of the; operator H are the points of S{H) in neigh- 
borhoods of which the projections of the operator H are not uniformly bounded. It is 
well-known that the spectral singularities of H is contained in the set of multiple eigenval- 
ues of Ht (see [8,14]). Therefore the following theorem follows from Theorem 4, definitions 
1, 2, and (84): 

Theorem 6 (a) For |n| > the component r„ of the spectrum does not contain spectral 
singularities. In other words the number of spectral singularities of H is finite. 

(b) The operator H is an asymptotically spectral operator if and only if H has no spectral 
singularities at infinity. 

(c) The operator H has a spectral singularities at infinity if and only if there exists a 
sequence of pairs {{nk,tk)} such that 

limdn,{tk) = (87) 

k—>oo 

Now using Theorem 6 and the following equalities we prove the main result of the paper. 
Using (37) for j = 1,2 in (39) and (40) we obtain 



(-C(A„,i(t),i)-47rni- 


-^£'(A„,l(^),^))u„,l(^) 


= B{Xn,l{t),t)Vn,l{t), 


(88) 


{-C{Xn,2{t),'t)-^'^nt- 


+ ^ D{Xn,2{t),t))Un,2{t) 


= B{Xn,2{t),t)Vn,2{t), 


(89) 


{C{Xn,l{t),t)+ATmt- 


^jD{Xn,l{t),t))Vn,l{t) = 


■■B'{Xn,l{t),t)Un,l{t), 


(90) 


(C(A„,2(t),i) +47^n^ + 


jD(Xn,2{t),t))Vn,2{t) = 


B'{Xn,2{t),t>n,2{t)- 


(91) 



From (19), (42), (54) and (55) wc get the estimations 

C{Xn,j,t) + Aimt = 47rnt(l -h ©(n'^)), Vi e [0, p], (92) 

D{Xn,j{t),t) = {ATrnt{l + 0{n-^)f+B{Xn,j{t),t)B'{XnAt),t), Vt e [0,p], (93) 

BiXnj{t),t)=Pnil + Oi — )j, B(A„,,(t),t) = a„(l + 0(n-2)), \/te[0,n-^], (94) 

£i(A„j(t),t) = (47rn<(l + 0(n-2))2 +/?„«„ (1 + 0(n"^)) , Vt € [O,^"^] (95) 

Besides we use the following. Since the boundary condition (2) is self-adjoint we have 
{Ht{q))* = Ht{q). Therefore all formulas and theorems obtained for Ht are true for if 
we replace a and 6 by 6 and o respectively. For instance, formula (20) and Theorem 4 holds 
for the operator too, and hence we have 

K,j,t{^) = <,,(i)e'('""+*^" + <,,-(t)e'(-^-"+*)- + hlj^x), 

dn{t) = («'„,i,t, = u„,i(t)<^i(t) + Vn.iitX.lit) + O(n-i), Vn > (96) 

(*„,2,t(a:), K,iA^)) = ^n,2it)<^ + Vn,2{t)<^ + 0{n-') = 0. (97) 
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Theorem 7 // 1 a l^^] 6 |, then operator H has spectral singularity at infinity. 
// I a 1 = 1 6 I and a = Tr~^ arg(a6), then: 

(a) The operator H has spectral singularity at infinity if and only if 

ini {\qa-{2p-l)\} = 0. (98) 

In other words, H is asymptotically spectral operator if and only if (98) fails to hold. 

(b) If a is rational number, that is, a = ^ where m and q are irreducible integers, then 
H has spectral singularity at infinity if and only if m is an odd integer. 

If a is irrational number, then H has spectral singularity at infinity if and only if there 
exists a sequence of pairs {{qk,Pk)} C such that 

\a-^zl\=o{^), (99) 
Qk Qk 

where 2pk — 1 and qk are irreducible integers. 

Proof. Suppose without loss of generality that | a |<| 6 | and put c = j^. If t = 0, then 
by (29), (38), (54), (55) and (20), (21) we have 

un,m = Vn,mO{c^) = O(n-i), M/„,i,o(x) = + 0{n-'). 

Replacing a and 6 by 6 and a respectively, in the same way we obtain 

*;i,o(2^)=e''""" + 0(n-i). 

Hence rf„(0) ^ as n — >■ oo. Thus the proof of the theorem in the case | a l^^l 6 | follows 
from Theorem 6(c). 

(a) We prove this for t G [0,/9]. The other cases are similar, li t > n~^, then by (92), 
(93) and (53) the coefficient of Un,i{t) in (88) is essentially greater than the coefficient of 
Vn,i{t). Therefore from (20) and (21) we get 

^n,i,t{x) = e-'(2'^"+*)^ + O(n-i). 

In the same way we obtain that \E'* ^ ^ satisfies the same formula and hence the equality 

{^n,j,uK,j,t) = ^ + Oin-') (100) 

holds uniformly for f e [n~^,p] and j = 1. By (4), (100) holds uniformly also for t e [p,iT — p] 
and j = 1, 2. 

Now suppose that t £ [0, Consider the case nt >\ an |, where a„ is defined in 
Lemma 1. Then using (92), (95), (94) and taking into account that | On |=| /^n | when 
I a 1 = 1 6 I from (88) we get| u„,i(t) |< 6 | v„^i{t) \ and by (21) 

1 4 

I Un,l{t) \< -, I Vn,l{t) \> - 

Similarly | <_i(t) |< ^ and | <,i(t) |> |. Therefore by (96) we have 

\ {^n,j,t,K,j,t) \> I (101) 
for j = 1. In the same way we prove (100) and (101) for j = 2. 
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It remains to consider the case nt <| a„ | . Using (88), (90) and (91) one can easily see 
that if nt an \ then both of the number 



- C(A„,i , t) - A-nnt - ^Jd{X~[J), C(A„,i , t) + A-nnt - ^Jd(X~[J) (102) 

if nt ^ /?„ then at least one of the numbers in (88) is of order a„. Hence (88) and (90) 
imply that Un,i{t) ^ Vn,i{t). In the same way we obtain Un,2{t) ~ Vn,2{t)- Thus, by (21) we 
have 

Un,l{t) Vn,l{t) ■Un,2(i) ~ ^n,2(t) ~ 1- (103) 

This with (96) and (97) implies that (87) holds if and only if 
By (88), (89), (92) and (94) the last equality is equivalent to 



j.^ 47rnfetfe + ^yD{Xnk^l,tk)) _ ^.^ 47rnfctfc - ^y D{Xnk^i,tk)) ^^^^^ 



that is possible if and only if 

lim V ' rn^-r,k ^ q (^gg-j 



{ATTnktky + P 



Thus (87) is equivalent to (106) which holds if and only if both equalities 

lim (W.)^ + Re(^„.a„J^ lim ^^^-f^^ =0 (107) 

hold. By definition of /3„ and a„ the second equality in (107) holds if and only if 

Im((a6)2"'=) = o((a6)2"'=). (108) 

Then Re(/3„fca„^) and there exists {tk} satisfying the first equality in (107) if and 

only if 

lim sgn(Re((a6)2"'=)) = -1, (109) 

where sgn{x) is the signum function. It is clear that (98) for even q holds if and only if 
(108) and (109) hold. Thus (87) under the condition £ [0,p] is equivalent to (98) under 
conditions q E 2N. In the same way instead of (7), (11), (37) using (77)-(79) we obtain that 
(87) under the condition e [tt — p, tt] is equivalent to (98) under conditions q £ 2N + 1. 
Thus (87) and (98) are equivalent. Therefore the proof of (a) follows from Theorem 6(c). It 
is clear that (6) follows from (a). ■ 

Remark 4 Note that if H has no spectral singularity in U^~-^Tk and is an asymptotically 
spectral operator, then it is a spectral operator. As it is noted in [4] (see page 539 of [4]) if 
\ a \ b \, then it follows from [4] and [8] that H is not a spectral operator. By Theorem 7 
the inverse statement is not true. // 1 a |=| & | then in Theorem 7 we find the necessary and 
sufficient conditions on ab for the H to be an asymptotically spectral operator, since we use 
the asymptotic methods. Thus, to find a necessary and sufficient condition on a and b for 
the H to be a spectral operator we need to consider the dependence of small eigenvalues on 
a and b, using other, say numerical, methods. 
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